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1. Introduction 

The approximation of function by using the linear positive operators introduced via q— calculus is currently 
be come active research. After the paper of Phillips @ who generalized the classical Bernstein polynomials base 
on q—integer, many generalization of well-known positive linear operators, base on g—integer were introduce 
and studied several authors. We refer to the following studies related to the approximation properties of the 
g—analogues of some operators, [H-Q- Recently, the statistical approximation properties have been invesigated 
for q—analogue polynomials. For example in |l2l. [T^ g—analogue of Kantorovich-Bernstein operators; in 14 1 
g—Baskakov-Kantorovich operators; (l5| g—Szasz-Mirakjan operators; in [l6| modified g—Stancu-Beta opera¬ 
tors were introduced and their statistical properties were investigated. For further information related to the 
statistical approximation of the operators, the followings are remarkable among others 18l-l21|. 

In this work, we generalized a Choldowsky type Favard-Szasz operators base on g—integer and we study the 
weighted statistical approximation properties of the Choldowsky type g—Favard-Szasz operators via Korovkin 
type approximation theorem. Further we compute the rate of statistical convergence by using modulus of 
continuity. Furthermore we also obtain some local approximation results of these new operators. 

First of all, we recall some definitions and notations regarding the concept of 9 —calculus. For any none- 
negative integer r, the q— integer of the number r is defied by 

kzjf 


= J 1-9 


iiq^l 
it q = l 

The g—factorial [n] ! and < 7 —binomial coefficients are defined as 


and 


\n\J := 


n 

k 


Ngb-kq-'-Wg, riGN 

1, n = 0 




[kU[n-k]\' 


0 ^ k ^ n. 


The ( 7 —derivative Dqf of a function / is defined by 


Also, if there exists ^ (0), then {Dgf) (0) = ^ (0). The following < 7 —derivatives of the product of the functions 
f{x) and g{x) are equivalent: 

Dq {f{x)g{x)) = f (qx) D^g (x) + g{x)Dgf [x) 

and 

Dq {f{x)g{x)) = f (x) Dqg (x) + g{qx)Dqf {x). 

The Q—analogues of the exponential function are given by 


X 


^9 = 2 . 


n=0 
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and 




n—O 


^(n-l) X 


n . 


The exponential functions have the following properties: 

Dg (e-) = ae“^ D, (i?-) = = 1. 

Further results can be found in [8|. 


2. Construction of the operators 

In 0, Jakimovski and Leviatan introduced a Favard Szasz type operator, by using Appell polynomials 


Pk (x) ^ 0 defined by 


g{u)e {x)u’‘, 


fc =0 

oo 

where g (z) = o-nz'^ is an analytic function in the disc |z| < i?, i? > f and g (f) ^ 0, 

n =0 


Pn,t U\x) = ^—T— ^ Pk (nx) f 


and they investigated some approximation properties of these operators. 

Atakut at all. Q defined a Choldowsky type of Favard-Szasz operators as follows: 




k=0 


bn J \n 


with bn a positive increasing sequence with the properties lim„^oo bn = oo and lim„_>oo — = 0. They also 
studied some approximation properties of the operators. 

Now, let us define Choldowsky type generalization of the g—Favard-Szasz operators as follows: 


( 2 . 1 ) 


Pn U\T,X) = 




A{1) 


■E' 

/c =0 




[fc]J 


where {Pk{q] •)} ^ 0 is a g—Appell polynomial set which is generated by 


( 2 . 2 ) 

and A{u) is defined by 


A (u) I 


H, 


= E 


/c =0 


\Kr~ 


Aiu) = J2 


ttkU^- 


k=0 


3. WEIGHTED STATISTICAL APPROXIMATION PROPERTIES 

In this section, we give Korovkin type weighted statistical approximation properties of the operators 
P* (/;g;a:). Before proceeding further, let us give basic definition and notation on the concept of the sta¬ 
tistical convergence which was introduced by Fast [I3- Let AT be a subset of N, the set of natural numbers. 
Then, Kn = {k ^ n : k G K}. The natural density of K is defined by 5{K) = lim„ ^|Ar„| provided that the limit 
exists, where |Ar„| denotes the cardinality of the set Ar„. A sequence x = {xk) is called statistically convergent 
to the number £ G K, denoted by st — lima; = £. For each e > 0, the set = {fc G N : — £| ^ e} has a 

natural density zero, that is 


lim — \{k ^ n : |a;fe — £| ^ e}| = 0. 

n^oo 77, 

It is well know that every statistically convergence sequence is ordinary convergent, but the converse is not 
true. The concept of statistical convergence was firstly used in approximation theory by Gadjiev and Orhan 
[llj |. They proved the Bohman—Korovkin type approximation theorem for statistical convergence. 

A real function po is called a weighted function if it is continuous on K and lim|a;|_>o Po{x) = 00 , po{x) ^ I 
for all a; G K, where po{x) = I -I- a;^. Let Bp^ [0, 00 ) be the set of all functions / defined on [0, 00 ) satisfying the 
condition |/(x)| < Mf{l + x‘^), where Mf is a constant depending on /. By (7p(,[0,oo), we denote the subspace 
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of all continuous function belonging to i?pu[0, oo). Also, oo) be subspace of all continuous functions 

/ S CpppjOo), for which hni| 3 .|^oo i® finite. The norm on Cpjj[0,oo) is defined as follows: 

l/(a;)| 


,= sup 




a;e[0,cso) 1 “t“ ^ 

Now, we may begin the following lemma which is needed proving our main result. 
Lemma 3.1. For n S N, a; G [0, oo) and 0 < q < I, we have 
(3.1) P:ieo;q;x) = 1, 

DgiAil))E, ^ 


(3.2) P*{ei;q]x) = x + 


(3.3) P*{e2;q-,x) = x'^ + 


A(l) 




- q-j—^X 


[qD,{A{q))FD,{A{l))]xhr. , E, ^,"(A( 1 )) U 


A(l) 


[n]g 


where ei(a;) = a:*, i = 0,1, 2. 

Proof. By (12.21) and definition of q derivative, we obtain that 


A(l) 




(3.4) 

V ■\ ^ ■ b 

k 

(3.5) 

“ Pk (g; 

fro ["V 

(3.6) 

“ Pk (g; 


('?5 


= ^( 1 )' 


[k], = Ail)Lk^e7^ +el^ D,A{1) 

[k]l = Dl{A{l))ef^^ + ^ef^^[qD,{A{q)) + D,{Ail)] 


+A(l)-^e^ . 

By using the relations (I3.4I) - (I3.6|) . from (12.IL we obtain the results 


Pn (eo;9;a:) = 


Eg ^ Pk 


■E 




Ea 




^( 1 ) [k],'- 


A{ 1 ) 


-A{l)e^ =1, 


Pniei;q-,x) = 


Ea 




t^o 


Ea ^ Pk 


■E^ 


(9; [n]g t) 






Eg " b„ 

A{l)[nl 


A ( 1 ) ^ajeg"" + 6 /’* L>,A( 1 ) 

Ori. 


= X - 


and 


Pnie2;q;x) = 


Dg{Ail))E~g 


A(l) 


Mg. 


Ea 




Ng 


,2 

Ao " bl 


n I 7-i2 


A(l) [nlH ^ 


g[^]g rjjl [77.1^ [^] g 

Zl,^(A(l))e,^^ + e/” Uix [gZl,(A(Q)) + 14,(A(1)] + Ail^-^x^eg”- 


62 


Eq~^ el^ [qDq{A{q)) + Dq{A{l))] xb„ Eg eq~^ Dg{A{l)) 52 




= X 


A(l) 


[n]q 


A(l) 


[n] 
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Hence, the proof is completed. 

Theorem 3.2. Assume that q := (q„), 0 < (/„ < 1 be a sequence satisfying the following conditions: 


□ 


(3.7) 


st — lim = 0 , st — lim qn = b. 

n [n\q n 


Let f € C'pjOo) n E, where E = {f G CpjOo) : \f{x)\ ^ ae^^ for some a G 
following: 

st-lim II P*(/, <?„;.)-/ ||po= 0 . 

n 

Proof. It is enough to prove that 

st - lim II .) - ||po= 0 

n 

where u = 0 , 1 , 2 . 

From the equation (13.IL it is easy to obtain that 

st - lim II P*(eo,g„;.) - Cq ||po= 0 . 

n 

_ grt [^] qn 

By (13.21) and combining with Eg Cq <1, we get 


^,/3 G K}. Then we have the 


II TD*f„ „ . ^ „ II ^ -^ 9 (^( 1 )) II ^ II 

II ^rt(cii 9 ra)-) 61 llpo^ r 1 W ^0 II 

Mqn 

For e > 0, define the following sets: 

M := {/c :|| P*(ei,%;.) - ei ||po> e}, 

M, := h : 


Po 


H(l) [k] 


^ e 


Qk 


such that A4 C J\4i. 

By dSH), one can write the following 


S{k!^n :|| P*(ei,gfe;.) -ei ||po^ e} dj/c < n : —^ « 


Hence, we get 


(3.8) 


st - lim II P*{ei,qn; .) - ei ||p„= 0 . 


By dSSl), one can see that 


P,t(e 2 ,gn;-) - 62 Ilpo < 


g„P,(H(g))+P,(H(I)) br. 

H(l) 

Dq{Ail)) + Dl{A{l)) hi 

^( 1 ) Ml 


II 61 IL 


'\qn 


II 60 II 


po 


Now, let e > 0 be given, we define the following sets: 

V := {fc:|| P*(62,qfc;.)-e2 llpo^e}, 

f, qkDq{A{q)) + Dq{A{l)) bk ^ e\ 

- I*’- m w7^2/ 


Vo := <k: 


Dq{A{l)) + DUA{1)) bl 


Ail) 




Ml 2 r ’ 


such that V C Vi U V 2 . 
Thus, we obtain 


X n ^ II 0*1 1 w ^ ^ X f 1 ^ QkDqiA{q)) + ZIq(H(l)) bk 

^ n :|| P„(e 2 ,g/c;.) - 62 ||po> ej ^ S ^k ^ n : - 


(3.9) 


+ (5 < /c € 


DqiAil))+DlAil)) bl 


H(l) 


Qk 


> 


Ml ^ 2 


Hence, (1X71) and (|3 . 9p imply that 


(3.10) 


st - lim II P*(e 2 ,g„;.) - 62 ||po= 0 . 


□ 
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4. Rates of statistical convergence 


In this section, we give the rates of statistical convergence of the operators P* (/; g; x) by means of modulus 
of continuity with the help of functions from Lipschitz class. 

oo) denotes of all real valued continuous bounded functions. The modulus of continuity for the 
function / G CspjOo) is defined as 


W(/, ^)po 


sup 

£C,?/G[0 ,Oo) 


\f{x) - f{y)\ 
1 + 


where oj{f,6)pg for J > 0, A ^ 0 satisfy the following conditions: for every / G (^^[OjOo). 

lim uj{f,S)pg = 0 

and 

(4.1) \f{x) - f{y)\ ^ u;{f, S)pg + l) . 

Now, we prove the following theorem for the rate of pointwise convergence of the operators P* {f-,q;x) to the 
function f{x) by means of modulus of continuity. 


Theorem 4.1. q := (q„) be sequence and x £ [0,oo), then we have 

IK - f{x)\ ^ 2a;(/, V^)po. 

for all f G Cb[0, oo) H E, where 


(4.2) 


K = 


qnDq{A{q)) + Dq{A{l)) b„ 
Ail) 


ei Pn + 


bl 


A(l) 


12 II Ilpo 


Proof. By the linearity and positivity of the operators P* (/; q; x), one can write 


- f(x)l ^ 


Eg ^ Pk (<z; 


Al(l) 


E 


< 


E, 


k=0 
“Gfr® oo 


[kU 


/(||U-/(.) 


Al(l) 


E 


Pk (q-, 


[kU 


w(/,i5) 


[kl 


■bn - X 


+ 1 


lEg^ ^ Pk 


■E' 


(?; l^^..) 


6 24(1) ^ [kU 

' ' k=0 ^ A 


[k]. 


bn - X 


+ l}ujif,6). 


If we apply Cauchy-Schwarz inequality for sums, we obtain 

1/2 


E 


Pk 




[kl 


■bn - X 


€ 


E 

I k—O 


Pk 




[kU 




1/2 


. fe =0 


[kU 


Using above inequality and by (EH), we have 


\p:if-,q;x)-fix)\ ^ tails) {l + 


1 


= w(/,5)<(l + - 


r 

Eq 

^Pk 

[r la^*) 

-xVl 

1/2 \ 

Ail) 

k^O 

{k]q'. 

(w, ” ) 


r 

Eq^ 

^Pk 

I a^ii) 

rw., xVl 

1/2 ' 

Ail) 

k^O 

{k]q'- 


, 


= w(/,5)|l + i [P*(s-ei)^q;ai)]^^^|. 


From Lemma EH and the fact Eq Cq " < 1, we have 


(4.3) P* ((s - ei)^;q„;x) < 


qnDqiAiq)) + DqiAil)) bn 


II ei II, 


D^AA)) b^ 

q\ V JJ II ^ II 

II ^0 Ilpo ■ 


^(1) [n]q„ " A(l) [n] 


By (14.31) and we choose <5 = we get 

l^’n ifiqix) - fix)\ I 2a;(/, \/^)po- 
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This step concludes the proof. 


□ 


We know that a function / G (7[0,oo) is in LipM{a) on F, 0 < a < 1, F is a any bounded subset of the 
interval [0, oo) if it is satisfies the conditions 


(4.4) - f{x)\ ^ Mix - y|“, y G [0,oo) and x G F, 

where M is a constant depending only a and /. 

Theorem 4.2. Let f G CpjOo) fl LipM{a), 0 < a ^ 1. Then, we get 

\P*M-,qn\x)-f{x)\^M(5':,/^+d^{x,F)) , XG [0,oo), 

where M is a constant depending only a and f and d{x, F) is the distance between x and F defined by d{x, F) = 
inf{|x — t\:tG F}. 

Proof. Let F be the closure of F in [0, oo). The there exists al leat point xq G F such that d{x, F) = |x — xo|. 
By our assumption and monotonicity of F* (/; qn',x), one can write the following 


\PnU\qn\x)- f{x)\ ^ F* (|/(t) -/(x)|;(?„;x)+F* (|/(x) -/{xo)|;g„;x) 

< M{F* (|t - x|“;g„;x) + |x - Xo|“}. 

Next, we applying the Holder inequality with p = ^,q = and we get 

\Puif'^<ln;x) - f{x)\ ^ M{F* [|t - xp;g„;x]“^^ + |x - xoT}. 

This step conclude the proof. 


□ 


Now, we obtain local direct estimate of the operators F* (/; q; x) using the Lipschitz-type maximal function 
of order a introduce Lenz as 


(4.5) 


rs ^ l/(^)-/(2;)| ^ rn N J ^ 

^a{j,x)= sup ——, X G |0,oo) and a G (0, IJ. 

t^x, ie[0,oo) \t x\ 


Theorem 4.3. Let f G LipM^Oi), 0 < a ^ 1, then we have 

iPnif'^dn]-) - /(■)! < W„(/,x)(5“/^ 

where Sn defined in m- 
Proof. From (|4.5I) . we obtain 

\Pnif'-:qn;x) - f{x)\ < F* (|/(t) - /(x) |, (?; x) 

^ a;a(/,x)F*(|t - x|“,g;x). 

Again for p = ^,q = 5 ^, applying the Holder inequality, we get 
\Pnif',Qn;x) - f{x)\ < F*(|/(t) -/(x)|,g;x) 

< a;a(/,x){F*(ei - x)^g;x)}“/2 = u:a{f,x)5f^'^. 

Hence, we get the desired result. 

5. Local Approximation 


□ 


In this section, we state the local approximation theorem of the operators F* (/; g; x). Let Cb [0, 00 ) be the 
space of all real valued continuous bounded functions / on [0, 00 ) with the norm || / ||= sup {|/(x)| : x G [0, 00 )}. 
The K-functional of / is defined by 

K 2 {f;S)= inf {||/- 5 ||+J|| 5 "||}, 

gGW-^ 

where 5 > 0 and = {g € Cb [0, 00 ) : g',g" G CbIO, 00 )}. By Devore-Lorentz [^, p. 177], there exists an 
absolute constant C > 0 such that 


(5.1) 

where 


K2{f,S)^C0J2 [f,V6) 

uJ 2 (f,'/Pj= sup sup \f{x + 2h)-2f{x + h) +f{x)\ 

^ ' 0</i^0 a:G[0,oo) 




is the second order modulus of smoothness of /. Moreover, 

w(/,<5)= sup sup \f(x + h)-f{x)\ 

0<h^0 xG[0,oo) 

denotes the modulus of continuity of /. 

Now, we give the direct local approximation theorem for the operators P* (/; q; x). 


Theorem 5.1. Let q G (0,1). We have 

(/; 9; a:) - /(a;) K Kuj 2 (/,(/?„)+ w /, 

'ix G [0,oo), / G Cb [0,oo), where K is a positive constant and 


DgiAjl)) b„ 

A(l) [n] 


qMAiq)) + D,iAil)) 6 „ , Ail)D^^{Ail)) + [Dg{A{l))]^ 


A{1) [n] 

Proof. Let us define the following operators 


Qn 


(5.2) 


K (/; 9 ; x) = P*if;q;x) - f \ X + 


AHl) 

Dg{Ail))Eg ^^e^" b„ 

^(1) [n] 




fix) 


X G [0,oo). The operators P* {f-,q;x) are linear. Thus, we have the following: 

(5.3) P* (s - x; g; x) = 0, 

(see Lemma [3Tl) . Let g G W^, from Taylor’s expansion 

g{s) = g{x) + g'{x){s - x) + / {s - u)g"{x)du, 

J X 

s G [0,oo) and (j5.3ll we obtain 

K i9\ 9 ; x) = g(x) +k(^J (s - u)g"{x)du \ . 
By (|5.2L we have the following 


\Ki 9 \T,x)- gix)\ ^ 


K{ I is- u)g''{u)du 

D^(A(l))Eg eg 

, + P,(A(1))E. J ^ „ I 


f>X+ 


A(l) 


< p* 


(s — u)g"{u)du 


[^] q g[^Jg 


px-\- 

L 


Dg(A{l))Eg e, ' 




■ .<1 - ... 
bn bn 


Dg{Ail))E, e,^- h 


(5.4) 




A(l) 

2 ' 


\g"iu)\du 




A(i) 


119 " 


Therefore, from ()5.4I1 . we obtain 

(5.5) \P*{g;q;x)-g{x)\^(pn- 

By (j2 .1 1) . (|3 .1 P and (lO) . we get 

|P„*(/;g;x)| < P^ (/; g; x) + 2||/|| 

< ||/||P:(l;g;x) + 2||/|| 

^ 3II/II 


(5.6) 





















and by (15.21) . (15.5p and (j5.6p 

\Pnif'^T,x)- fix)\ < \P*{f-g;q;x)-{f-g){x)\ + \P*{g;q-,x)-gix)\ 

D,iAil))E~ 


+ 


f \x + 


_ . g[Ti]q 

- l>n “ bn “ L 
Co Un 


^( 1 ) 


- fix) 


< 4||/-5||+<^„||ff"||. 

From (15.11) . one can see that 

\Pn if', g; x) - fix)\ ^ KuJ 2 if, ipn)+^^[ f, 
and this concludes the proof. 


DMi^)) bn 

A(l) [n]c 


□ 
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